We introduce a pz-d coupling model Hamiltonian for the π-graphene/Au bands that predicts a rather large intrinsic spin-orbit (SO) coupling as are being reported in recent experiments and DFT studies. Working within the analytical Slater-Koster tight-binding approach we were able to identify the overlapping orbitals of relevance in the enhancement of the SO coupling for both, the sublattice symmetric (BC), and the ATOP (AC) stacking configurations. Our model effective Hamiltonian reproduces quite well the experimental spectrum for the two registries, and in addition, its shows that the hollow site configuration (BC), in which the A/B sites remain symmetric, yields the larger increase of the SO coupling. We also explore the Au-diluted case keeping the BC configuration and showed that it renders the preservation of the SO-gap with a similar SO interaction enhancement as the undiluted case but with a smaller graphene-gold distance.
I. INTRODUCTION
Graphene/transition metal interfaces have been recognized as a very attractive hybrid systems [1] [2] [3] [4] [5] since its proximity may lend fascinating properties that the otherwise isolated graphene layer lacks. Namely, the gate controlled dopability [6] , the transfer of ferro and antiferromagnetism [1, 7] , and the induced strong spin-orbit coupling [8] , just to mention a few. In addition, more complex transition metal substrates such as transition metal dichalcogenides on few-layer graphene hybrid spin-valves have shown to induce opto-valley spin-injection due to its large SO coupling [9, 10] . Such graphene-hybrid materials are of much current interest because they can provide unique spintronics applications.
All the changes on the physical properties in graphene mentioned above are operated by proximity effects. Such effects have the additional advantage of interfering only weakly with graphene's mobility in contrast for example, with the adatom/doping approaches that locally deform the lattice [5] , in order to enhance the spin orbit coupling [2, 11, 12] . The intrinsic spin-orbit coupling in graphene generates a gap at the K-Dirac point close to 20µeV [13] . One can induce an additional source of SO interaction i.e. the Rashba SO coupling (RSO), as long as the space inversion symmetry of graphene is broken by a substrate, the presence of an external electric field or adatoms [14] . The spin splitting of doubly degenerate pristine graphene energy bands is a signature of this interaction. The RSO coupling arising due to typical external electric fields (gating) is estimated to be rather weak, of the order of just 5µeV for a field of 1 V/nm [13] . As SO and RSO couplings are responsible for interesting quantum phases like the spin Hall effect [11] , topological * mperalta@yachaytech.edu.ec † emedina@yachaytech.edu.ec quantum spin Hall effect [15] and spin active persistent currents [16] , their small magnitude in pristine graphene makes these interesting features unobservable. Many efforts have then been directed to enhance the spin-orbit interaction.
Here we can mention three experimentally accesible ways to enhance the SO strength in graphene: i) Adding light adatom impurities, such as hydrogen, introduces local warpings of graphene and increases the SO coupling to about 10 meV [17] , close to the atomic SO strength of carbon. However this approach has the disadvantage of the concomitant reduction of the electron mobility [18, 19] . ii) Bending the graphene sheet and producing tubes, cones and Bucky balls with additional defects. This geometrical variation also produces a SO strength of the order of 10 meV [20] [21] [22] , and iii) Placing the graphene layer in contact with heavy atoms to induce SO proximity effects whiles interfers weakly with the mobility of graphene. For instance, a few-layer semiconducting tungsten disulphide increases the SO interaction on a single layer graphene to about 17 meV [5] . First principles calculations show that BiFeO 3 induces a RSO on graphene of approximately 1.26 meV [23] . Also, a strong spin orbit splitting has been measured in Graphene/Pb/Ir(111) of about 30meV [24] .
Recently, Marchenko et al. [8] attempted the third approach by building a Au-graphene interface, generating a large spin-orbit splitting of ∼ 100 meV on graphene according to its spin-resolved photoemission measurements. The resulting band structure and SO-gap magnitudes were strongly dependent on the gold atomgraphene stacking, finding that the sublattice symmetric BC stacking -as opposed to the AC (ATOP) configuration -is very effective in enhancing the SO coupling. The authors also report that the epitaxial graphene develops a giant spin-orbit gap of about ∼70 meV and managed to fit the modifications to the pristine graphene band structure by adjusting the parameters of the Kene-Mele Hamiltonian [15] . The system of Graphene/Au/Ni(111) was later analyzed in a very recent study, in which the giant RSO is explained as a nanoscale effect, using a detailed STM characterization and DFT modeling [25] . In this study, the authors find that the giant RSO generated in Graphene/Au/Ni(111), is due to a decreased goldgraphene equilibrium distance as a result of a grapheneNi interaction.
In this paper we propose an analytical Slater-Koster model for Au-graphene interface assuming that the gold atoms are either above of every hollow position of the graphene lattice (BC or HCP stacking), or at the same hollow site in a diluted configuration. Such registries, according to experiments, are the most effective raising the strength of the SO coupling. We consider the overlaps between the graphene p z orbitals and the 5d orbitals of Au. Using lowest order perturbation theory, we arrive at an effective Hamiltonian which includes the SO coupling inherited from the Au by proximity effects, corrections to the Fermi velocity and the resulting net doping [26] of graphene. Our analytical model reproduces the spectrum derived by DFT computations and the experimental results of ref. [8] for both the AC stacking (or ATOP) and the hollow site configurations.
II. ANALYTICAL SLATER-KOSTER MODEL GRAPHENE ON AU
We will now develop a perturbative model to lowest order to derive analytical expressions that describe how the spin-orbit (SO) coupling is inherited from the gold surface atoms to the graphene. The SO strength is derived from the intrinsic atomic SO coupling of gold, and we derive explicit dependencies of the probability amplitude to hop between the p z orbital perpendicular to the graphene plane through the paths that connect these orbitals through the gold surface 5d orbitals (other models that include d orbitals for predicting the spin orbit coupling of graphene can be found in refs. [22, 27, 28] ).
The system we are studying is composed by graphene on top of a gold monolayer in the HCP configuration, namely, the layer of graphene is located in such a way that every atom of gold is positioned at the graphene's hollows. In this configuration, electrons can move from one p z -orbital to another either as in pristine graphene or by using the available 5d-orbitals of gold as a bridge between them. We set the origin of coordinates at the electron source site (central atom A of Figure 1(b) ) and describe the positions of the three neighbors in gold bŷ r k , k = 1, 2, 3, as we show in the Figure 1 . The positions of the neighbors in the graphene lattice, counting up to third nearest neighbors from the source site, are described byR l , l = 1, . . . , 6, and their origins are at the corresponding k sites. The vectors are written aŝ r k = (n kx , n ky , n kz ),
For example, the two vectors drawn in the upper panel of Figure 1 , are written aŝ
where α is the ratio between the perpendicular graphenegold distance and the lattice parameter a = 2.46Å , and ζ = 1/3 + α 2 is the ratio between the distance from the carbon site to the gold atom (see Figure 1 ) and a. The perpendicular distance αa from the graphene plane to the site in gold is estimated around 2.5Å by ab initio calculations [8] , therefore, α ≈ 1.02 and ζ ≈ 1.17. Note also that n kz = −n lz = α/ζ ≈ 0.87 for all k and l.
FIG. 1.
(a): unitary vectorr k that points from the carbon site to the gold atom, andR l that points back to graphene sites, αa is the graphene-gold lattice distance, a is the graphene's lattice parameter, therefore, every carbon atom is separated a/ √ 3 from its nearest neighbors. (b): labels of the neighbors involved in the interaction with the source site in graphene (white site at the center). The white (black) sites belongs to A (B) sub-lattice in graphene and they are labeled by l, gray circles represent sites in gold and they are labeled by k. The l labels for k = 2 are the only ones drawn, l = 6 will be always the source site for each k.
A. Hopping Integrals
In this section we write the hopping integrals, E k µ,µ , between orbitals µ and µ at site k as a linear combination of Slater-Koster parameters, V µ,µ ,π(σ) , in the notation used in [29] . The E k µ,µ terms, relate to p z (graphene carbon) and d (gold) orbitals between which the electrons hop from graphene to gold and back. Omitting the site index for clarity, we have
The spin-orbit term, H SO is the following:
where e the electron charge, m 0 is the free electron mass, c the speed of light, V the atomic electric potential, is the momentum operator, and S = 2 σ the spin vector operator, with σ the vector of the spin Pauli matrices. Here λ = 1 r ∂V ∂r e 2m 2 0 c 2 , and the operators L ± = L x ± iL y , and S ± = S x ± iS y , with L i and S i are the i={x,y} components of the angular momentum and spin operators, respectively. The relevant orbitals involved for the gold atoms are the 5d orbitals, which can be written as a linear combination of the spherical harmonics as:
A detailed derivation, for the spin orbit coupling term used in tight binding, can be found in [22, 27, 28, 30] . The SO couplings between d orbitals are presented in [22] .
Now, we suppose that the eigenfunctions are expanded over the atomic orbital basis as
where µ = {s, p x , p y , p z , d xy , . . . } represents all possible orbitals, α is the orbital position, g µ,α is the expansion coefficient and a † µ,α is the corresponding creation operator. In general, the matrix element resulting from a coupling between an initial state |µ, α and the general state |Ψ is
where is the eigenvalue of the full Hamiltonian involving all the couplings present. We choose the orbital p z perpendicular to the graphene plane (µ = z, for simplicity) at position α = 0 as one mobile electron bearing orbital, |p z (0) , so the coupling between the source site and its six neighbors (three in graphene and three in gold) is given by the equation
where p is the bare energy of the electron at the p z orbital. The first term on the right hand side represents the connection with the three nearest neighbors in graphene, and the second term with the tree nearest neighbors on the gold surface. V ppπ is the Slater-Koster parameter that represent the energy to go from site A to B by a π overlap of the p z orbitals. The E k z,µ are the hopping integrals between p z orbital of graphene and
xy } orbitals of gold, where the d orbital is at site k. Note that we labeled the expansion coefficients g and c to distinguish interactions with sites on graphene or gold, respectively.
For writing the hopping integrals, we use Table I and the results of the previous subsection. For example if we choose the d z 2 orbital (µ = z 2 , for simplicity) and the positions α = k = {1, 2, 3} as the initial state, |d z 2 (k) , the hopping integrals between sites in gold and its six neighbors in graphene are:
Analogously, for the rest of d orbitals with µ = {xz, yz, x 2 − y 2 , xy}, (Se Appendix A Eqs. A1-A5). Substituting the coefficients c µ,k , shown in Appendix A (Eqs. A6-A10), into Eq. (13) and, after some algebra, the resulting equation for the graphene's coefficients, g z,l , can be written in the following form:
is the perturbed energy parameter. We have eliminated from the equations the coefficients associated with gold (c) and only the graphene coefficients (g) appear. Thus we have renormalized the couplings between the graphene orbitals, p z , through the couplings to gold.
In the order they appear above, the terms represent: (1) the kinetic energy of pristine graphene, (2) the kinetic energy of an electron that uses gold sites to bridge between the source site and its neighbors up to second nearest neighbors, note that all d orbitals are taken into account; (3) the intrinsic SO term built from one of the following four paths
Note that the coupling between d yz and p z is expressed in terms of V pdxz as can be seen from the relations in section II A. (4) the intrinsic SO term in which the electron follows one of the following two paths
(5) the intrinsic SO term in which the electron follows one of the paths
and finally, (6) the intrinsic SO term in which the electron follows one of the following eight paths
where we used the symbol || as the logical OR operator. Each diagram goes from the source site (p z orbital) to a k site in gold (d-orbitals), where the SO coupling of the gold is involved, and back to an l site in graphene (p z orbital). In the next subsections we obtain simplified expressions for all the previous terms.
Kinetic Term HK
Having identified the different contributions to the Hamiltonian from Eq. 15 we rewrite the Kinetic term contributions as
where we have labeled the expansion coefficients as b, a and b and identified with j the first, with m the second and n the third nearest neighbors from the source site, respectively (see Figure 2 ). This notation leads to a clearer presentation of the terms introduced here. The coefficients in the sum, by identifying terms with Eq.15 correspond to
where we have used that
This term represents a path that goes from the source to the gold and back and causes a shift in the energy p of
that is added to˜ .
FIG. 2. Labels of the all neighbors involved in the interaction
with the source site in graphene (white site at the center). The white (black) sites belongs to A (B) sub-lattice in graphene and they are labeled by j for nearest neighbors, m second neighbors and n third neighbors, and gray circles represent gold sites.
Spin-Orbit Term HSO
Picking up the contributions to the SO terms, we can write it as 
were we have used the two following equalities
and
The SO interaction does not cause a shift to the spectrum.
III. BLOCH HAMILTONIAN AND SPECTRAL PROPERTIES
Having obtained the Hamiltonian in real space we derive the Bloch Hamiltonian in pseudo-spin or sublattice space.
A. Diagonal Term HAA First, we treat diagonal terms, i.e., terms that connect a site in the A sub-lattice with neighbors in the A sublattice as well, these are hops to second neighbors. We only show calculations for H AA but the calculation is analogous to H BB and leads to the same results. The full diagonal term in the basis {A pz (1), A pz (2)} ⊗ {↑, ↓} (where (1) is referred to the source atom in the sublattice A and (2) to the second neighbors of this atom also in the sublattice A), is written as:
where σ represents the pseudo-spin subspace and s the real spin subspace, ε = −3t 2 the chemical potential and σ 0 ⊗ s 0 = I 4×4 is the identity matrix (see Appendix B for a detailed calculation of these terms).
B. Non-diagonal Term H nd
Now, we treat non-diagonal terms, i.e., terms connecting A and B sub-lattices. These are hops to first and third neighbors. The full non-diagonal term in the basis {A pz , B pz } ⊗ {↑, ↓}, is written as:
where σ and s represent the spin and pseudo-spin subspaces, respectively. (see Appendix C for a detailed calculation of these terms).
The intrinsic SO coupling between d xz ||d yz and d xy ||d x 2 −y 2 orbitals conduces to a like-Rashba SO coupling in pristine graphene. Moreover, this kind of coupling between spin and pseudo-spin, ( s × σ) z , produces flipping in the real spin when A-B hops take place.
C. Low Energy Spectrum

Diagonalizing the low energy Hamiltonian
we get the eigenvalues as
where we have chosen the ξ = +1 value. Using the following magnitudes for the parameters, These parameters depend on the site energies and the spin-orbit parameter of the gold d orbitals and the graphene-gold overlaps, (see Table II ). We note that in this configuration, we have a graphene-gold distance of 2.5Å for which we did not find reported values for the overlaps. Finally, we take the site energies of the p z orbitals of graphene as our reference energy, so p = 0, and k y = 0. With these values we get the spectrum shown in Figure 3 . In the next section we will support the values of ∆ Figure 3 shows that the Dirac cone turns to a parabolic dispersion for both spin helicities and a spin-orbit splitting appears. Theṽ parameter changes the weight of the kinetic energy in the Hamiltonian. The denominator p − d is negative, therefore, the correction to the kinetic energy increases the velocity of the electrons. The chemical potential, ε, is negative so that graphene is doped by electrons from the gold layer. One can see that the SO gap, close to the Dirac point is identified by the difference 2(∆ xz,xy − ∆ xz,yz ) ∼ 60 meV. This figure recovers the results of ab-initio studies in references [8, 25] and adds detail of how this spectrum comes about from the hibridyzations of the p z graphene and d orbitals.
IV. ATOP CONFIGURATION
In this section we analyze the Hamiltonian terms for the configuration in which each gold atom lies above each atom of one sublattice of graphene (the sublattice A in our case). This arrangement of the atoms is known as AC stacking (or ATOP configuration).
In order to obtain the ATOP Hamiltonian, the procedure is very similar to the one illustrated in section II, and in the appendices A, B and C, where we took as our basis the p z orbitals of graphene and the 5d orbitals of gold. The difference in this case is that, due to the arrangement of the gold atoms, we can neglect the second and third neighbor hops. Then, we consider the Hamiltonian terms H AA(BB) i.e. hops from one atom in the orbital p z in the sublattice A(B), to any of the 5d orbitals of gold, and then back to the orbital p z of the same atom in the sublattice A(B), renormalizing the site energy of graphene electrons in the orbital p z , 2p . For the Hamiltonian terms H AB , we consider hops Ap z −Bp z , either, directly through the coupling V ppπ between first neighbors in the graphene's lattice, or going first to any of the 5d orbitals of gold and then to one of the first three neighbors Bp z . With these ingredients, we obtained the expression for the low energy Hamiltonian
with
In Eqs. 29 and 30, the primed V's are used to distinguish the overlaps between the Bp z orbitals with the 5d orbitals of gold, while the unprimed V's are used for the overlaps between the Ap z orbitals with the 5d orbitals of gold. This distinction is necessary in the configuration ATOP, where the atoms of the sublattice A, by symmetry, have nonzero overlap only with the orbital 5d z 2 of gold, while the atoms of the sublattice B have nonzero overlap with all the 5d orbitals of gold. Then the cosine directors graphene-gold are different for both sublattices.
Going back to Eq. 28, we see that we have, as before, a first term corresponding to the chemical potential, and the second is the kinetic term. The third is a Rashba like term originated from the intrinsic SO coupling between d xz ||d yz and d z 2 orbitals. Finally the fourth term comes from the symmetry breaking between the A and B sublattices, as a result of the positioning of the gold atoms in the ATOP configuration. As discussed in ref. [8] , this symmetry breaking can be neglected at goldgraphene distances larger than 2.5Å, and given that the graphene-gold equilibrium distance reported for this structure is 3.3Å [8] , we can neglect the fourth term of the Equation 28 and diagonalize it, obtaining the bands shown in Figure 4 . Figure 4 shows that, as in the HCP case, the Dirac cone turns to a parabolic dispersion for both spin helicities and a spin-orbit splitting appears. Also, theṽ parameter changes the weight of the kinetic energy in the Hamiltonian, withṽ < 0, therefore, the correction to the kinetic energy decreases the velocity of the electrons. The chemical potential, ε, is positive so that graphene is doped by holes from the gold layer. In this case the SO gap, close to the Dirac point is 2∆ SO xz,z 2 ∼ 10 meV, a much smaller effect than in the AC configuration, leading to the conclusion that this is not a convenient register to enhance the SO coupling. This figure recovers the results of ab-initio studies in reference [8] for the ATOP configuration.
V. SUPERCELL TREATMENT
As discussed by Marchenko et. al. [8] , the register of one gold atom at each graphene plaquette at a distance of 2.5Å generates a giant SO coupling, but only at a cost of ∼ 1 eV in repulsion energy relative to the equilibrium separation. So this geometry is considered unrealistic for the experimental situation.
However, Krivenkov et. al. [25] , found that the intercalation of Au on Graphene/Ni(111) occurs in the form of nanoclusters with different periodicities and sizes, which coexist with a continuous monolayer of gold. So, the giant SOC is attributed to the reduction of the equilibrium graphene-gold distance (to 2.35Å), due to the attraction of graphene to the Ni exposed between the Au clusters. Here we discuss the analytical treatment of these clusters of gold above graphene. To preserve the simplicity of the model, we only consider clusters of one atom of Au in the HCP register, which is the configuration found by STM and DFT in reference [25] . This setup has essentially the same SO enhancement, according to ab initio studies [8, 25] .
We discuss here the spin-orbit enhancement when gold atoms are diluted in such a way that each one is surrounded by six empty graphene's plaquettes (see Figure 5 panel a). The corresponding tight-binding model for this situation can be readily obtained by defining a graphenegold supercell approach. The unit supercell is formed by eight graphene atoms and a gold atom (atoms inside the dashed rhombus in Figure 5 a) . This supercell can be seen as an equivalent honeycomb lattice with A , B sublattices. Note that the internal hexagon of the supercell maps onto the external hexagon by overlaps between graphene p z orbitals in the outer hexagon and the hybridized p z − d orbital in the inner ring.
If we reduce the coupled equations using lowest order perturbations theory, as previously, to obtain the coupling between the outer and the inner hexagons we obtain the following expression
where we distinguish outer ring sites by uppercase letters A z0 , B zlj . The first subindex denotes the p z orbital on the graphene A sublattice sites, and B sublattice site respectively. pd denotes a graphene site energy close to the gold atom, while˜ pd involves additional corrections from the gold atom orbital overlaps. Fig.5 panel b) depicts the process represented by Eq.31. The quantity in the bracket on the left is the expression for the A-B coupling when all graphene plaquettes are filled by gold. So the prefactor is the additional overlaps involved for the transfer between the outer hexagon and the inner hexagon and it renormalizes all couplings of the larger hexagon which now has gold in every plaquette. As can be seen, this is just one step in a renormalization group process in real space.
We then define
We have proven this result in detail for all the couplings in an extended derivation which is not included here. Nevertheless, it can be derived by a more direct decimation argument [34] . As all p z − p z couplings are obtained on the basis of the shortest Feynman paths, the dimensionless β factor will renormalize the kinetic energies and the SO couplings. If the new spectrum for the diluted gold surface only depended on a rescaling by β, then there would be no qualitative changes to Fig.3 , while results from ab-initio calculations show a shift in the chemical potential of 0.5 eV and the SO gap for the valence band, almost vanishes at the Dirac point. On the other hand, the SO gap is basically preserved when k x vector is large enough. The spectrum is a combination of a preserved Dirac cones for the valence band with a selected helicity and the opposite helicity has a quadratic dispersion [8] .
Our results readily reproduce the expected spectrum if, besides the scaling of the couplings by β we also take into account changes in the gold-graphene distance (in agreement with the discussion presented in reference [25] ). The following parameters can be chosen to fit the abinitio spectrumṽ coupling parameters as a function of the local orbital overlaps of p z graphene and d xy , d xz orbitals according to Eq.20. One can see that if we follow the parameter choices along the arrow on the sheet describing ∆ SO xz,xy we begin with a parameter set corresponding to the indiluted gold covering, and ends, within error bars (depicted by circle and ellipse), in the final diluted gold, covering and a shorter distance between tha Gold and the graphene surface. This last observation is also in agreement with the results shown in reference [25] discussed previously. also shows that the gold clusters produce a buckling on the graphene. This buckling generates a gap at the Dirac point and a non zero out of plane polarization in the vicinity of the gap, but it does not affect appreciably the spin orbit coupling. So, we do not include this effect in our supercell model.
VI. SUMMARY AND CONCLUSIONS
We have discussed a simple analytical tight binding model for gold over graphene in three emblematic registries; ATOP, undiluted gold covering in the HCP register and the diluted gold covering in the HCP register. We have used lowest order perturbation theory and the Slater-Koster tight binding approach to arrive at an effective Hamiltonian for the Graphene perturbed by proximity effects from the Gold surface. The main motivation of this work is to understand the mechanisms by which the SOC in graphene can be enhanced by way of proximity effects that do not interfere with properties like electron mobility on the graphene sheet.
We find excellent agreement in deriving the spin dependent band structure with both experimental findings and detailed DFT studies in ref. [8, 25] . The model correctly describes both the SO coupling in all the registries above and the chemical potential that makes for a non zero elec- tron doping on the graphene after adjusting a minimal number of parameters. Our results reveal, in detail, the interplay between graphene p z orbitals and gold 5d orbitals that give rise to the SO interaction in a non-trivial way; the result of interfering contributions from different atomic SO couplings. The interplay between orbital overlap and graphene-gold distance renders results such as the preservation of the SO gap in the presence of a diluted gold HCP covering. Finally we have developed a renormalization group argument to deal with large primitive cells which would be very cumbersome under directo Slater-Koster treatment. The results show that the diluted Gold registry is almost as effective as the undiluted case as shown in the DFT calculation. The diluted case, as has been argued in the literature, is more relevant to the experimental realization.
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(C6) ky sin(ak x ).
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Expanding h 2 ( k) , h 3 ( k), h 4 ( k) and h 5 ( k) around Dirac's point up to zero order in p, we get
Therefore, 
where we redefine ∆ SO xz,xy to absorb additional constant terms.
